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Abstract 
Let k = 3 or 4, and let n be a natural number not divisible by k - 1. Consider any edge coloring of the 
complete graph K of order (k- l)(n- 1)+2 with k colors. The following facts were known 
previously: 
(i) K contains a monochromatic connected subgraph on more than n vertices. 
(ii) There are k - 1 monochromatic connected subgraphs whose union covers the entire vertex 
set of K. 
We prove that the requirements of (i) and (ii) can be fulfilled simultaneously, i.e. 
(iii) There are k - 1 monochromatic connected subgraphs G, , , G,_ r such that 1 V(G, )I > n + 1 
and V(G,)u~~~uV(Gt_,)= V(K). 
1. Coverings in graphs and hypergraphs 
The aim of this paper is to provide a link between Ramsey theory and covering 
theorems, by giving common generalizations of two pairs of previous results of these 
types. The first problem (the Ramsey-type one) goes back to an early paper of 
Gerencser and Gyarfas [6], who formulated the following question. (Throughout, 
k-coloring means a coloring of the edges of a graph with k colors, and Kp stands for the 
complete graph of order p.) 
1.1. Tree Ramsey number 
Given k and n, determine the smallest p =p(n, k) such that every k-coloring of 
Kp contains a monochromatic tree with n edges. 
In other words, p(n, k) asks for a sharp lower bound on the number of vertices of 
a largest connected monochromatic subgraph in a k-coloring of a complete graph. 
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Hence, the value p(n, k)- 1 provides a general lower bound on the k-color Ramsey 
number of every tree on n+ 1 vertices. (For a general upper bound, see [8].) 
Another interesting problem is to find coverings of the vertex set. 
I .2. Monochromatic covering number 
Given p and k, find the smallest m=m(p, k) such that in every k-coloring of KP 
there exist at most m(p, k) monochromatic connected subgraphs Gi, . . ., G, with 
V(G,)u ‘.. u I’(G,)= V(K,). 
Certaintly, m( p, k) d k holds independently of the value of p, since any vertex with its 
neighbors in color i (1~ id k) induces a connected graph Gi satisfying the require- 
ments. There are some sharpenings of this observation, but before formulating them 
let us introduce some useful concepts on hypergraphs. 
A k-partite hypergraph is a collection H of finite sets on a ground set X (called the 
vertex set) such that X is the disjoint union of k sets X1, . . . , Xk satisfying 1 HnXi I= 1 
for every HEH and every in { 1, . . . , k}. (The members of Hare called edges, and in the 
present paper they need not be distinct.) Recall that a set T is a transversal of 
a hypergraph H if Tn H # 8 holds for every H EH. The degree of a vertex is the number 
of edges containing it. The transversal number (= the smallest cardinality of a transver- 
sal) and the maximum degree of H will be denoted by z(H) and A(H), respectively. 
We now mention a challenging open problem that was raised by H. Ryser a long 
time ago but seems to have been unpublished until [lo]. 
Ryser’s conjecture (for intersecting hypergraphs). If each pair of edges has 
a nonempty intersection in a k-partitie hypergraph H, then r(H)< k- 1. 
A less restricted version of the conjecture involves the concept of matching number, 
v(H), defined as the largest number of mutually disjoint edges in H. 
Ryser’s conjecture (genera/form). If H is a k-partitie hypergraph, the r(H) < (k - 1) v(H). 
Observe that an affirmative answer would be a genralization of K&rig’s celebrated 
theorem on matchings of bipartite graphs. We also note that, as far as t and v are 
considered, the multiplicities of edges HE H are immaterial; therefore, it will be useful 
to introduce the notation Ho for the set of edges (i.e. each edge of H belongs to Ho as 
well, but in the latter it has multiplicity just one). 
The reason why we have recalled these hypergraph-theoretic problems is that they 
are closely related to monochromatic graph colorings, as observed in [7]. The link is 
established by the following notion. 
Definition 1.1. Let G=(P’,E) be a graph andf:E+{l,...,k} a k-coloring of G. For 
each monochrmoatic component C in each color, associate a distinct vertex in the 
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component hypergraph, H(f). (If a vertex is not incident to any edge in color i, then it 
forms a l-element component in that color.) The vertices of G are associated with 
edges of H(f) as follows: an edge HEH(~) contains a vertex x of H(f) if and only if 
the component corresponding to x contains the vertex corresponding to H in G. 
For an edge coloring f of a graph G, we denote by d(f) the largest number of 
vertices in a monochromatic subtree, and by t(f) the minimum number of mono- 
chromatic subtrees whose union covers the entire vertex set of G. Moreover, we let 
LX(G) denote the independence number of G, i.e. the largest number of mutually 
nonadjacent vertices in G. 
As noted in [7], the following equalities hold. 
Proposition 1.2. For any k-coloringfofa graph G, r (H( f)) = z(f), A (H(f)) = A (f), and 
v(H(f)) <u(G). 
Since the components are vertex-disjoint in each color, we also have the following 
proposition. 
Proposition 1.3. For any k-coloring f of a graph G, H(f) is k-partite. 
A partial converse of the above correspondence between k-colorings and k-partite 
hypergraphs can also be established. Namely, each intersecting k-partite hypegraph 
His the component hypergraph of at least one k-coloring fof some complete graph K. 
(This fis uniquely determined by H if and only if any two edges of H share precisely 
one vertex.) 
As a consequence, the intersecting version of Ryser’s conjecture is equivalent to 
stating that the inequality m( p, k) d k - 1 is valid for all p. This coincidence provides 
a basis for the discussion below. 
2. Results 
Certainly, the complement of a disconnected graph is always connected; hence, 
m( p, 2) = 1 holds for every p. For this reason, we consider k-colorings with k > 3 only. 
We concentrate on k = 3 and k =4. For these cases the validity of Ryser’s weaker 
conjecture has been verified; proofs can be found in [7, lo]. 
Theorem 3A. In every 3-coloring of a complete graph, the vertex set can be covered with 
two monochromatic connected subgraphs. 
Theorem 4A. In every 4-coloring of a complete graph, the vertex set can be covered with 
three monochromatic connected subgraphs. 
It follows, in particular, that A (f) 3 p/( k - 1) for k d 4 in any k-coloring f of Kp, and 
constructions show that this lower bound is best possible whenever rp/(k- 1)1 is 
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a multiple of k- 1. (The inequality d (f)ap/(k - 1) 1s valid for every k, as proved by 
Gyarfas [7] and with a different method by Fiiredi [S]; cf. [4].) For other residue 
classes modulo k - 1, however, slightly stronger estimates have been proved in [6, l] 
(k = 3) and in [4] (k = 4) as follows. 
Theorem 3B. If t is odd, then every 3-coloring of Kz2 contains a monochromatic 
connected subgraph with t + 1 vertices. 
Theorem 4B. If t is not a multiple of 3, then every 4-coloring of K3t_1 contains 
a monochromatic connected subgraph with t + 1 vertices. 
The main concern of this paper is to prove that the theorems of types ‘A’ and ‘B 
both can be strengthened; namely,they can be combined as follows. 
Theorem 3C. If t is odd, then every 3-coloring of Kzr contains two monochromatic 
connected subgraphs G1, G2 such that their union covers the entire vertex set and G1 has 
at least t + 1 vertices. 
Theorem 4C. If t is not a multiple of 3, then every 4-coloring of K3r_ 1 contains three 
monochromatic connected subgraphs G,, G2, G3 such that their union covers the entire 
vertex set and G1 has at least t + 1 vertices. 
3. Proof for k=3 
According to Propositions 1.2 and 1.3, we have to prove that every intersecting 
3-partite hypergraph H with 2t edges, t odd, has a 2-element transversal containing 
a vertex of degree at least t + 1. 
Recall that Ho contains each edge of H with multiplicity 1. If two edges of H (and 
hence of Ho) have a 2-element intersection T, then T meets all edges of H and its two 
vertices together have total degree at least 2t + 2, implying maximum degree > t + 1. 
Thus, we may assume that the edges incident to any given vertex of Ho are pairwise 
disjoint in the other two parts of Ho. Consequently, if a vertex x has degree d >2 in 
Ho, then it meets all edges of H (and hence it has degree 2t > t + 1 in H). Moreover, if 
d = 1, then the other two vertices of the edge incident to x form a 2-element transversal 
with the required properties. 
In the remaining case, Ho has four edges Hi, . . . , H4 (as each of the three vertices of 
HI is contained in precisely one further edge), and each of Xi, X1, and X3 has just 
two vertices. Hence, each Xi is a 2-element transversal, and therefore we only have to 
show that there is a vertex of degree at least t + 1 in H. Let t = 2s + 1, and suppose for 
a contradiction that His t-regular. Then each vertex of X1 is incident to an edge of 
multiplicity more than s. The intersection of those two edges meets at least 
2s+2= t + 1 edges of H, providing a vertex of high degree. 
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4. Proof for k = 4 
Here we prove that every intersecting 4-partite hypergraph H with 3t - 1 edges has 
a 3-element transversal containing a vertex of degree at least t+ 1, whenever t is not 
a multiple of 3. As in the previous proof, the simplified hypergraph Ho (with all edge 
multiplicities equal to 1) will play an important role. 
Observe that Theorem 4C is valid whenever the following situation holds: 
( *) there are three vertices xi, x2, x3 that meet all edges of Ho and {x1, x2, xg } cH 
for some HEHO, or there are two edges of Ho that contain two of the xi each. 
Indeed, if such xi exist, then their total degree in H is at least 1 HI + 2 = 3t + 1, and 
hence some of them has degree at least t+ 1. 
Our next aim is to show that the presence of some simple local structures in Ho 
implies the existence of vertices x 1, x2, x3 satisfying the requirements of ( *). 
(1) If IHnH’I=3 for some H,H’EH’, then the three vertices of HnH' can be 
chosen as the xi. 
(2) Suppose that H, H’, H”EH’ are mutually disjoint in X1uX2. Then they are 
intersecting in X3uXq; therefore, HnH'nH"#@. Let x be their common vertex, say 
XEX~. If H, H', H" are not mutually disjoint in X j, then the two or three vertices of 
(HuH'uH")n(X,uX,) can be chosen as the Xi (completing them with one further 
vertex if the union has size 2). 
(3) If four or more edges are mutually disjoint in X1uX2, then their common 
vertex (that is unique, by (2)) has degree 3t - 1 >t+ 1 in H. 
(4) If no three edges H', H", H”‘eH’ are mutually disjoint in X1uX2, then the 
bipartite graph with edge set { Hn(XluX2) ( HEHO} has matching number at most 2. 
Thus, by a particular case of the Kiinig theorem, two vertices meet all edges of Ho 
(and of H), and they can be chosen as the Xi, with some third vertex. 
(5) Suppsoe that there are two edges H, H’EH’ sharing precisely two vertices. Say, 
HnH' = E is a subset of X r uX,. Consider the bipartite graph B formed by the pairs 
{H"n(X,uX2) (H”eH’, H"nE=@}. If B is empty, then the two vertices of E meet all 
edges of H; and if B has matching number 1, then B is a star with some center x, and 
Eu { x) is a set of three vertices satisfying the requirements of ( * ). Hence, suppose that 
H", H”‘EH’ are two edges disjoint in X,uX2 which are disjoint from E. Applying (2), 
we may assume that HnH"nH"'=H"nH"'=H'nH"nH"' is a unique vertex x. In 
this case, however, HnH' = Eu{ x} holds, contradicting the choice of H and H'. 
(6) If (Xi/ < 3 for some i, 1 d i<4, then Xi is a 2-element transversal of H, with 
a large degree 2 (3t - 1)/2 2 t + 1. Suppose that IX1 I > 3. By (3) and (4), we may assume 
that B= {Hn(X,uX2) I HEHO) has matching number 3. Applying (2), we choose 
three edges H, H', H”eH’ disjoint in X1uX2uX~, and sharing a vertex x in X4. For 
IX1 I >3, there is an H”‘EH’ disjoint from (HuH’uH”)nX,, and therefore H"' meets 
H" in XZ (by (3)). In this case, however, the three edges H, H', H"' are mutually 
disjoint in X1uX2 and XEH"' follows by (2). Thus, IH"nH"'Ia2, and (1) or (5) 
completes the proof. 
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Summarizing the above observations, we have already proved Theorem 4C unless 
H has the following nice properties: 
(7) Any two edges of Ho share precisely one vertex. 
(8) Each class Xi (1 < i < 4) of H has precisely three vertices. 
Since (8) implies that each vertex of H is contained in a transversal of size 3, the only 
property to be shown is that H at least vertex of t + Suppose, on 
contrary, that degree distribution each Xi (t - k, t). complete the 
by taking vetex x degree, d, in Ho is smallest (and whose degree in H is as 
large as possible). Certainly, if d = 1, say H is the unique edge of Ho that contains x, 
then the vertices of H\(x) satisfy the requirements of (*) and the proof is done. If 
d=2,sayx=H’nH“, thenconsider thesixverticesof(H’uH”)\{x}. Observe that an 
edge HEH contains precisely two or three of them, according as x$H or XEH. Hence, 
the average degree in (H’uH”)\{ } x is at least (t - 1)/2 + 2t/3 =(7t - 3)/6 > t for t > 3. 
(If t = 2 then (8) implies d = 1.) 
Hence, from now on we assume that Ho is 3-regular. (As a matter of fact, regularity 
together with (7) and (8) implies that Ho is obtained from a finite projective plane of 
order 3, by deleting one point and the four lines incident to it. The remaining lines are 
the edges of Ho.) 
By our assumptions, x has degree d(x) = t in H. Since t is not a multiple of 3, there is 
an edge H incident to x with multiplicity at least (t + 1)/3. Moreover, the other three 
vertices of H meet the 2t - 1 edges not containing x; hence, one of them say y, has 
degree d(y)>(t + 1)/3 +(2t- 1)/3 = t. Since we have assumed d(y)< t, equality must 
hold throughout. In particular, t E 2 (mod 3). 
Let t = 3s + 2. The above computation yields that edges incident to a degree-t vertex 
have multiplicities at most s + 1 (hence, their ‘multiplicity distribution’ is s + 1, s + 1, s) 
and those with multiplicity s + 1 contain no vertex of degree different from t. Since any 
two edges meet, we obtain that each edge multiplicity is at most s+ 1. 
Let x~X, and XI={x,x’,x”), with d(x)=d(x’)=t, d(x”)=t-1, and let H,H’be 
edges with mutliplicity s, XEH, x’EH’. The unique vertex z= HnH’ has 
d(z)> t - 1 = 3s + 1; therefore, the third edge H” containing z has multiplicity s+ 1. 
Assuming that ZEX~, denote y= HnX2, y’= H’nX*, y”=H”nX,. The degree 
assumptions on x and x’ imply that the mutually disjoint pairs xy’, x’y, and x”y” are 
contained in edges of H with multiplicities s+ 1 each. Those edges share a vertex 
w (otherwise the proof is done already by (2)). Thus, d(w) = 3s + 3 = t + 1. 
5. Concluding remarks and open problems 
(1) Let us recall that a proof of Ryser’s weaker conjecture for k = 5 was given in [9]. 
(The published paper [lo] does not contain a detailed proof, but it does contain 
a proof for k = 3, v(H) < 4, and k = 4, v(H) < 2.) Nothing is known, however, for k > 6. 
Also, for the case k= 3 of the general conjecture, the best current upper bound 
z(H)<8v(H)/3 (proved in [ll]) is far from the expected sharp bound of 2v(H). 
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(2) For k = 5, the following analogue of Theorems 3B and 4B is given in [4]: to 
ensure the presence of a monochromatic connected subgraph on t+ 1 vertices in 
a 5-coloring of K,, one needs to put p B 4t - 2, 4t - 1, 4t - 2, according as t K 1,2,3, 
respectively. Hence, the situation becomes more complicated, and it is not quite clear 
that the presently known constructions are indeed best possible for large values of t. 
(Extra difficulty can be expected when no projective plane of order t - 1 exists.) 
(3) It would be interesting to see whether or not the results mentioned in (1) and (2) 
for k= 5 have a common generalization (in the same way as our Theorems ‘C’ 
generalize the Theorems ‘A’ and ‘B’). Since the proof technique of [9] verifying Ryser’s 
‘intersecting’ conjecture for k = 5 is not very far from the one presented here, perhaps it 
will lead to the desired result. 
(4) So far, it has not been proved or disproved that for some values of k every 
k-coloring admits a covering with less than k- 1 monochromatic trees. The ‘smallest’ 
open question is as follows. Does there exist a complete graph K with a 7-coloring 
such that the vertex set of K cannot be covered with five monochromatic connected 
subgraphs? (In the general problem, ‘7’ and ‘five’ are replaced by ‘k’ and ‘at most k - 2’, 
assuming that no projective plane of order k exists.) 
(5) As far as lower bounds are concerned on the number of components in 
a covering, or upper bounds on the sizes of components, the usual approach is to 
derive constructions from resolvable block designs. For results of this type, we refer 
the reader to [3,4]. 
(6) Tree Ramsey numbers in the above context are closely related to the corre- 
sponding Turin numbers to be defined for restricted classes of graphs. Those Turan- 
type problems for complete bipartite graphs are considered in [4,2], while sharp 
results on complete t-chromatic graphs are presented in [12]. 
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